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ABSTRACT

This paper builds bridges between reason-based normative rea-
soning and formal argumentation, by formalizing Tucker’s ethical
theory and evaluating the strength of arguments via weighted rea-
sons and tournament semantics. We characterize conditions under
which various formulations of permissibility and detachment co-
incide, and we analyze independence properties that make these
equivalences hold. We show that Tucker’s input—output “balanc-
ing” mechanism, developed for ethics, provides a domain-neutral
model of practical reasoning that explains when multiple options
are permissible and how to choose among them. As an outlook, we
sketch how the mechanism applies to discretionary judicial decision
making (e.g., child custody), without claiming that Tucker’s ethi-
cal theory itself applies to law; instead, the argumentation-based
abstraction transfers across normative domains.
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1 INTRODUCTION

Reasoning about what to do is often pictured on a scale: reasons
carry weight, and their balance fixes whether an option is permis-
sible, impermissible, or required [20]. Tucker (2025) adds a com-
plementary tournament: options are compared pairwise, and an
option counts as permissible only if it is unbeaten. He brings these
together by distinguishing justifying from requiring weight and
letting pairwise contests track their interaction. In this paper, we
use this balancing reasons mechanism because it isolates a formal,
domain-neutral pattern of practical reasoning [12, 14, 22, 23, 32, 34].
Our investigation proceeds in two stages.
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Part I: Formalization. We translate Tucker’s so-called dual
scale and tournament semantics into an argumentation framework
by argument construction and attack assignment [29, 30], where
options are treated as arguments and attacks arise from pairwise
competitions on justifying and requiring weights. This formaliza-
tion allows us to prove equivalences between several formulations
of permissibility and detachment and to identify independence con-
ditions under which these equivalences hold. The result generalizes
his dual scale computation into a family of semantics for evaluat-
ing the strength of arguments and for selecting among permitted
options.

Part II: Outlook and application. We show that the same
input—output mechanism—evaluating competing options by bal-
ancing weighted reasons—extends naturally beyond ethics. As an
outlook, we illustrate its use in discretionary judicial decision mak-
ing, bringing examples from child custody cases. Here, judges weigh
pros and cons of parents "competing” for custody under the nor-
mative constraint of the judge’s “duty of care" when deciding and
aiming for the “best interest of the child", rather than applying
predefined rules, we see a structure that mirrors Tucker’s balancing
of reasons. We do not claim Tucker’s theory applies to law, but its
abstract mechanism generalizes across normative domains.

The paper is organized as follows. Section 2 recalls Tucker’s
key notions. Section 3 formalizes the dynamic-scale model, where
permissibility arises from tournament-style comparisons. Section 4
embeds this structure in argumentation theory by treating options
as arguments and defining attacks through dual scale detachment.
Section 5 refines the framework to address indecision through con-
flict expansion and preference mechanisms. Section 6 outlines the
outlook for applying the reasoning mechanism to discretionary de-
cision making. Section 7 discusses related work, Section 8 discusses
future work and concludes.

2 NORMATIVE REASONING

This section highlights key assumptions from Tucker’s theory (2025)
needed to understand the formal model in Section 3. For analysis
of benchmark examples and details on philosophical concepts, mo-
tivations, and broader literature on reasons, see Tucker’s analysis.

2.1 Ethical Theories for Normative Reasoning

In Al ethics and machine ethics, we are interested in formalizing
ethical reasoning, though ethical theories are hard to formalize
because they are expressed in ambiguous natural language. In this
paper, we use the theory of Tucker (2025), because its claims are
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about the normative system’s functional structure in the following
sense: “the normative system takes certain things as inputs (the
weights of reasons) and goes from inputs to deontic outputs in a
specific way (in virtue of the relative weights of those reasons).”
This functional nature of Tucker’s work facilitates formalization
and experimentation. For example, once the theory is formalized,
we can use abstraction, do impact analysis, or study the dynamics
of the ethical theory. The issue we are interested in is that once
formalized, we can generalize the theory to include other kinds
of normative reasoning, such as some types of legal reasoning or
rational decision making.

2.2 Tournament Metaphor

We call Tucker’s use of “tournament” a metaphor, because it uses
the analogy between comparing options and comparing players in a
competition: “¢ is permissible by winning a tournament, a pairwise
competition with each alternative." It suggests so-called compar-
ativism: “reasons are always differences or comparisons between
¢ and some specified alternative" and so-called contrastivism: “for
some possible ¢, the reason for ¢ can vary as you vary the alterna-
tive." Tucker discusses the following benchmark example called the
Café or Kid Case Problem [36]. “There is a child stuck in a burning
building. Your options are Bystander (hang around and watch the
events unfold), Savel (save the child and get severely burned in
the process), and Café (keep your promise to meet your friend at
the café)." This is modeled as a tournament in which Café wins the
competition against Bystander, while the other two competitions
are undecided. Reasons may be comparative or contrastive, for ex-
ample, “the child’s death is a reason against Café in the pairwise
competition with Savel but not in the pairwise competition with
Bystander.

2.3 Dual Scale Metaphor

In the Café or Kid Case, Savel, Bystander, and Café are options. In
general, an option “is something I have control over,” and privileged
options are “those whose deontic status is directly determined
by the relative weights of basic reasons.” Privileged options are
maximal: “they are exhaustive, mutually exclusive, and maximally
specific (or maximally specific enough).” Moreover, “basic reasons
are always reasons for or against privileged (so maximal) options.”
The child’s death, for instance, is a ground that has weight for Savel.
In general, a ground “is anything that is a reason in at least one
context. Given the conceptual connection between reasons and
weight, it follows that a ground is anything that has weight for (or
against) some action in at least one context.”

There are two functional roles of reasons: justifying weight (W)
and requiring weight (RW). A reason’s justifying weight for ¢ is
“how hard it pushes ¢ toward permissibility", while its requiring
weight for ¢ is “how hard it pushes the alternative, —¢, toward
impermissibility". Tucker distinguishes reasons by the proportion
of their justifying and requiring weight [48]. Self-interested reasons
are typically merely justifying—“it has justifying but not requiring
weight” Altruistic reasons are often justifying-heavy—“both justify-
ing and requiring weight, but more of the former” Balanced reasons

have “exactly as much requiring as justifying weight” Merely requir-
ing reasons have “requiring but no justifying weight,” and requiring-
heavy reasons have “both, but more requiring than justifying” For
example, avoiding burns is a merely justifying reason.

Building on this distinction, Tucker introduces the Dual Scale
model to distinguish different types of normative force [48, §0.3,
§6.1.2]. One scale determines whether ¢ is permissible: an act ¢ is
permissible iff its justifying weight for ¢ is not smaller than the
requiring weight for its alternative. The other scale determines
whether ¢ is a commitment (that is, whether —¢ is impermissible):
an act ¢ is a commitment iff its requiring weight for ¢ exceeds the
justifying weight for its alternative.

Example 2.1 (The Café or Kid Case). The weights used in this
example are from Tucker’s book [48, §9.1], where the compara-
tive force of reasons varies across pairwise competitions. In the
comparison between Bystander (og) and Savel (0s; ), Bystander has
(FW,RW) = (500, 0), while Savel has (100, 100). When Café (oc)
competes with Bystander, Bystander has (0,0) and Café has (0, 25).
Table 1 summarizes these values under Tucker’s dual scale model
and their deontic status.

Comparison Permissible Commitment
25]J W, OR 25R
Café vs. Bystander 5] —oC [ .WOB OJWOI? [ > - Woc
verdict: permissible |  verdict: commitment

525] Wo [L00RWoq [100JWog [ 25RWo.
verdict: permissible [verdict: not a commitment
100 Wo, [ ORW,, [500]Wo, [ 100RW,

Café vs. Savel

051
verdict: permissible |verdict: not a commitment

Table 1: Dual Scale for Café or Kid [48]

Savel vs. Bystander

2.4 Computational Aspects

What is striking in Tucker’s book is that he not only considers
conceptualization, but also computational aspects of tournaments
and dual scale competitions. For example, “When there are only
two alternatives, the permission and commitment tournaments
for ¢ will each involve two competitions (¢ vs. Ay, ¢ vs. Az) ... It
would be tedious to think through all 20 competitions just to figure
out whether ¢ is required.” In this paper, we address this issue
by independence assumptions, as used, for example, in Bayesian
networks and formal argumentation [47].

3 DYNAMIC SCALE DETACHMENT

In this section, we present the formalization of Tucker’s theory
we introduced in Section 2, including the types of reasons and
the independence assumptions. We present two equivalent formal-
izations, one based on comparative reasons, which facilitates the
formal presentation and proofs, and one based on binary choices,
which is closer to Tucker’s informal presentation, and facilitates
the generalization to abstract argumentation in Section 4.All proofs
are available online !.

3.1 Comparative Reasons, Weighting, Weighing
and Competitions

In the so-called dynamic scale model, a reason is a ground for an
option in contrast to another option.

Lhttps://drive.google.com/file/d/18-yUFbBfrBmA4n4yMFvITLJorfH6NrE/view?usp=sharing



Definition 3.1 (Comparative reasons). Let G and O be two sets
called grounds and options, respectively. The set of reasons R, is a
three-place relation R,, € GXOX O, where (g, 01,02) € R, implies
that o; # 0. We say that the ground g is a reason for option o;
compared to option o;.

Each comparative reason is associated with two weights: a justi-
fying weight and a requiring weight.

Definition 3.2 (Weighting for comparative reasons). Let R be the
set of nonnegative reals. A weighting function w,, assigns to each
comparative reason (g, 01, 02) € R,y two weights w; and wy, such
that at least one of w; or w; is positive. The first weight is called
justifying weight, and the second weight is called requiring weight:
Jwer(g,01,02) = wy and rwe,(g,01,02) = wy iff wer(g,01,02) =
(w1, w2).

Pairwise comparisons between options 0; and o, are evaluated
using Tucker’s dual scale model from a local perspective. o; is
permissible with respect to o, if and only if the sum of justifying
weight from reasons for o; against 0, (denoted sum;j,, (01, 0)) is at
least as great as the sum of requiring weight from reasons for o,
against o1 (denoted sum;, (02, 01)). Similarly, o; is a commitment
with respect to o, if and only if sum,., (01, 02) > sum;j.,(0z2,01).

Definition 3.3 (Weighing for comparative reasons). Let scale val-
ues V = {+, —} be positive and negative. A weighing function d.,
assigns to each pair of options 0; and o;, and a weighting func-
tion we,, two scale values using addition in the following way:
dcr("l: 02, Wcr) = (Ula 02), where

UM oy (%,9) = 3 (g0) ey JWer (9.5, 1)

sumpy(x,y) = 2 (g.x,y) €Rer TWer (9,x,v)

01 = tr(sumj,, (01, 02) — sumy,(0z,01))

U2 = tr(sumjvv(OZ: 01) — UMy, (01,02))

tr(x) =+ifx>0,—ifx <0

Moreover, when the weighting function w,, is clear, we may also
write de,(01,02) = (v1, v2).

From a global perspective, the dynamic scale is defined in terms
of the dual scale model: the commitment scale of 0 is mirrored by
the permission scale of 0, in a pairwise competition, and vice versa.
An option is permitted if and only if it wins its tournament (i.e., it is
permissible in every pairwise comparison against each alternative).

Definition 3.4 (Dynamic scale detachment). Let values V = {+, -}
be positive and negative, or permissible and impermissible. A dy-
namic detachment function d, assigns values to each option o in O
as follows: d7,(0) = + if and only if d;, (0, 0’, Wer) = (v1,v2) (Where
v1,02 € V) and v; = + for all o’ € O such that o’ # o; d}.(0) = —
otherwise.

3.2 Simple Reasons for Binary Choices,

Weighting, Weighing and Competitions
Apart from comparative reasons, we also define simple reasons for
binary choice. These notions are mathematically equivalent but
conceptually distinct.

Definition 3.5 (Simple reasons for binary choices). Let Oz = {{01,02}
C O | 01 # 02} be the set of all unequal pairs of O. The set of simple

reasons R, : O, — P(G X O) associates a set of reasons with each
pair of options.

Definition 3.6 (Interdefinability). Rs, and R., are interdefinable
iff (g,01) € Rsr({01,02}) iff (g, 01,02) € Rey.

Ry and R, are interdefinable by the following functions.

Definition 3.7 (c2s function). The function c2s, which maps R, to
Ry, is defined by ¢2s(R.,) = {(g,0) | (g,0,0") € Rer,0 # 0’ € O}.

Definition 3.8 (s2¢ function). The function s2c, which maps R,
to Rcra is defined by SZC(RSr) = {(ga 01, 02) | (ga 01) € Rsr({ols 02})}'

PROPOSITION 3.9. Ry, andR., are interdefinable iff Ry, = c2s(s2c(Rsy))

iff Rer = s2¢(c2s(Rer))-

Again, we can express the weighting function ws,, weighing
function dy, and dynamic scale detachment dj, equivalently in
terms of simple reasons for binary choices.

Definition 3.10 (Weighting for simple reasons). Let Rs, be the
set of nonnegative reals. For each pair of options {o01,0,} € O,
wq, assigns two weights w; and w; to each simple reason rs in
Ry ({01,02}), such that at least one of wy or w, is positive. The first
weight is called justifying weight, and the second weight is called
requiring weight: jws,({01,02},rs) = wy and rwg({01,02},rs) =
wy iff wer ({01, 02}, 75) = (w1, w2).

Definition 3.11 (Weighing for simple reasons). Let scale values V =
{+, -} be positive and negative. A weighing function ds, assigns to
each pair of options {01, 02} € O, and a weighting function wy,, two
scale values using addition in the following way: dg, ({01, 02}, W) =
(v1,02), where

sumjw(x: y) = z(g,x) ERsr({x,y})jwsr({xs y}> (g> x))

sume (X, Y) = Z(gx) eRer ({xy)) TWsr ({X, 9}, (9, %))

0y = tr(sumji,(01,02) — sumy.,(02,01))

U = tr(Suij(OZ, 01) — UMy, (01,02))

tr(x) =+ifx>0,—ifx <0

Definition 3.12 (Dynamic scale detachment). LetvaluesV = {+, —}
be positive and negative, or permissible and impermissible. A dy-
namic detachment function dj, assigns values to each option o in
O as follows: d;,(0) = + if and only if ds, ({0, 0"}, wsr) = (v1,02)
(where v1,0, € V) and v; = + for all {0,0’} € O, such that 0o’ # o;
d:. (o) = — otherwise.

The weighting, weighing, and dynamic scale detachment func-
tions defined over the two types of reasons are also equivalent. R.,
serves as a global collection of comparative reasons, while R, maps
simple reasons to each local pairwise comparison. Accordingly, we
adopt R., when defining global properties of reasons, and Ry, when
analyzing local pairwise properties. Sometimes, we use R or w to
represent reasons or weighting function when no ambiguity arises.

3.3 Types of Reasons

In what follows, we investigate the five types of reasons, along with
the independence assumptions concerning reasons and grounds.
These notions can be equivalently expressed using either of the
representations R., and Rq;.

Reasons differ in their normative profiles along two dimensions:
justifying and requiring normative force.



Definition 3.13. For every pair of options 0; and o;, each rea-
son (g,01,02) € R, is one of the following five types. A reason
is a justifying reason if rwe,(g,01,02) = 0, a requiring reason if
Jwer(g,01,02) = 0, a justifying heavy reason if jwer(g,01,02) >

rwer (g, 01, 02), requiring heavy reasonif rwe, (g, 01, 02) > jwer (g, 01, 02),

and a balanced reason if jw, (g, 01,02) = rwer(g, 01,02).

To study the properties of the weighting function and its role
in argumentation theory, we assume that all reasons are of a fixed

type.
Definition 3.14. Some properties may be imposed on we,:

Justifying reason weight For every pair of options 0; and o,
and all (g, 01,03) € Rer, rwer(g,01,02) = 0.

Justifying heavy reason weight For every pair of options 0;
and 0z, and all (g, 01,02) € Rer, jwer (9, 01,02) > rwer (g, 01, 02).

Balanced reason weight For every pair of options 0; and o,
and all (g, 01, 02) € Ry, jwcr(g; 01, 02) = chr(g, 01, 02)~

Requiring heavy reason weight For every pair of options 0,
and 0z, and all (g, 01, 02) € Rer, rwer (g, 01,02) > jwer(g, 01, 02).

Requiring reason weight For every pair of options 0; and
02, and all (g, 01, 02) € Rey, jwer(g, 01,02) = 0.

Example 3.15. Table 1 illustrates the proportion of justifying and
requiring weight. When Savel(os;) and Bystander(op) are being
compared. The reason to avoid burns, which supports choosing
Bystander, is a merely justifying reason. The altruistic reason to
save the child, which supports Savel, is a balanced reason.

Certain interdependencies arise among the weighting properties
induced by the five types of reasons.

PROPOSITION 3.16. Let w, be any weighting function, then exactly
one of the following holds: w,, is a justifying heavy reason weight or
wer is a balanced reason weight or we, is a requiring heavy reason
weight.

PROPOSITION 3.17. We have that the following holds: w., is a
justifying reason weight = w,, is a justifying heavy reason weight
and we, is a requiring reason weight = w,, is a requiring heavy
reason weight.

3.4 Independence Assumptions

Beyond the five types of reasons characterized by their normative
profiles, reasons can also be classified from a global perspective
into two categories. A simple reason (g, 0) is a global-A-reason if
it appears in every comparison involving o. Otherwise, (g, 0) is a
global-E-reason. It is useful to impose independence assumptions
that constrain how global simple reasons are distributed across
options and comparisons. Moreover, it provides a way for us to
refer to the simple reasons of a ground for an option.

Reason independence (RI) Reasons are tied to individual op-
tions. The set of reasons in any pairwise comparison depends
only on the reasons associated with the two options.

Ground independence (GI) When options share the same
grounds, those shared grounds can be ignored in compar-
isons. Only distinctive reasons — those that support one
option but not the other — contribute to the comparison.

Local unique ground (LG) Inany comparison, no ground sup-
ports both options, avoiding double-counting or ambiguous
reasoning when comparing options pairwise.

Global unique ground (GG) It requires that no ground ever
supports more than one option — across all possible compar-
isons.

Definition 3.18. Some properties may be imposed on R, :

(RI) There is a set R; € G X O such that for all {01,02} € Oy,
we have Rsr({Ol, 02}) =R NGX {01, 02}‘

(GI) There is a set Ry € G X O such that for all {o01,02} € Oy,
Rsr({01,02}) = {(g,01) € Ri | (g,02) ¢ Ri} U{(g,02) € Ry |
(g,01) ¢ Ri}.

(LG) Forall {01,02} € Oz, {g1 | (91,01) € Ry ({01,02})} N{g2 |
(g2, 02) € Ryy({01,02})} = 0.

(GG) Rz = U{oy,05}1€0, Rsr({01,02}), for all {01,02} € Oz, {g1 |
(91,01) € R} N {g2 | (92,02) € R2} = 0.

The properties defined over R exhibit distinct patterns of (in)depen

-dence. Ground independence lies between the strong and weak

variants of unique ground and may merit further analysis. Rea-
son independence is a particularly strong property, orthogonal to
the others—its satisfaction causes the remaining three notions to
collapse into one.

PROPOSITION 3.19. It holds that (GG) = (GI) = (LG), and the
rest does not necessarily hold.

PROPOSITION 3.20. In the special case of (RI), we have that:
(LG) = (GI) = (GG).

In addition to assuming reason independence, we also adopt
weight independence. It states that if a simple reason rs appears
in multiple comparisons, then its weight should remain invariant
across all such comparisons. This reflects the idea that a reason
retains the same normative significance regardless of the options it
is compared against.

Definition 3.21 (Weight independence). wq, satisfies the weight
independence (WI) if and only if the following holds: For every
pair of options {01,0;},{0],05} € O, and all rs € R ({01,02}) N
Rer ({01, 03}), wer ({01, 02}, 75) = wir ({07, 05}, 7s).

4 OPTION ARGUMENT FRAMEWORK

In this section, we study the strength of arguments based on the for-
mal model of balancing reasons in Section 3, in the following way.
The abstract arguments are options, and the attack assignment is
the dual scale comparison. We prove three distinct ways in Tucker’s
theory, which is embedded as a kind of argumentation: using initial
extensions (Theorem 4.6), using reason independence and weight
independence (Proposition 4.8), or using particular types of rea-
sons (Proposition 4.16). By varying the argumentation semantics,
Tucker’s model is generalized to deal with dilemmas in various
ways. We also define and prove well-foundedness and coherence
properties (Theorem 4.21 and 4.24).

4.1 Option Arguments

In (structured) argumentation, we need to construct arguments,
assign an attack relation, and apply semantics. In our setting, we



define arguments as options, attacks via dual scale detachment, and
extensions as sets of permitted options.

Definition 4.1 (Option argument framework). Let O be a set of
options, and w be a weighting function. An option argument frame-
work (OAF) is a pair ¥ = (Ar, att) where Ar = O is a finite set called
arguments and identified with the set of options, and att C Ar X Ar
is a binary relation over Ar called attack such that o; attacks o,
iff der(01,02) = (v, —), equivalently, ds,({01,02}) = (v, —), where
veV={+-}.

For aset S C Ar and an option o € Ar, we say that S attacks o if
there exists o’ € S such that o’ attacks o, o attacks S if there exists
o’ € S such that o attacks o’, 0. = {o" € Ar | o’ attacks o} and
o7 = {0’ € Ar | o attacks o’}

The initial extension contains all unattacked arguments, meaning
that each option within it wins its tournament. Hence, the initial
extension always exists and is unique.

Definition 4.2 (Initial extension). Let ¥ = (Ar, att) be an option
argument framework. E C Ar is an initial extension iff it contains
all the arguments o for which o= = 0.

PROPOSITION 4.3. Let ¥ = (Ar, att) be an option argument frame-
work. Then there exists a unique initial extension.

Example 4.4 (Continued from Example 3.15). The option argu-
ment framework of Example 3.15 is ¥ = (Ar, att), where Ar =
{oc, 051,08}, and att = {(oc,0p)}. The unique initial extension
E ={oc,0s1}.

Because the attack assignment is determined by the permissible
relation in dual scale, the initial extension also corresponds to
dynamic scale detachment.

LEMMA 4.5. For all pair of options 0 and 0,, we have: d, (01, 02) =
(01, 02) i]ffdcr(Oz,Ol) = (vg,01).

THEOREM 4.6. Let 7 = (Ar, att) be an option argument frame-
work, E C Ar be an initial extension. For allo € Ar, d},(0) = + if
and only ifo € E.

We examine how the graph structure of an option argument
framework may vary under different conditions. As a basic prop-
erty, the attack relation is irreflexive, as follows directly from the
definition 4.1.

PROPOSITION 4.7. Let ¥ = (Ar, att) be an option argument frame-
work, then att is irreflexive.

Under the assumptions of reason independence and weight in-
dependence, the sum of justifying weight and requiring weight
for each option o remain invariant across comparisons with any
alternative options o’, and we use sum;j,, (0, *) (sumy., (o, *)) to de-
note the sum of justifying weight (requiring weight). Under these
assumptions, the resulting OAF graph structure is constrained and
not arbitrary.

PROPOSITION 4.8. Let R satisfy (RI), w satisfy (WI). An option ar-
gument framework under the above conditions is a pair ¥ = (Ar, att).
We have the following:

(1) If there exists ¢ € Ar with ¢ # a, b such that (¢, b) € att and

(c,a) ¢ att, then sumj,,(a, ) > sumj,, (b, *).

(2) If there exists c € Ar with c # a,b such that (a,c) € att and
(b,c) ¢ att, then sumy,(a, *) > sumy,, (b, *).

Given an option argument framework, we can apply the result
of Proposition 4.8 to construct two partial directed graphs G;,, =
(Djw, Ejw) and Gyyy = (Dyay, Eray), where nodes represent the total
weights of arguments, and edges encode the strict comparison
relation > over justifying (or requiring) weights. We use G}, (Gy,,)
to denote the transitive closure of the Gj,, (G,w). If there exist cycles
in G, or G7,,, then the corresponding OAF is not allowed.

The graph structure of an option argument framework is influ-
enced not only by independence assumptions but also by the type
of weighting function employed. When w is a justifying reason
weight, a justifying heavy reason weight, or a balanced reason
weight, it prevents the emergence of dilemmas (i.e., mutual attacks
between arguments). In contrast, when w is a requiring reason
weight or a requiring heavy reason weight, every pair of arguments
is in conflict.

PROPOSITION 4.9. Let 7 = (Ar, att) be an option argument frame-
work. We have the following:

(1) Ifw is ajustifying reason weight or a justifying heavy reason
weight or a balanced reason weight, then for every a, b € Ar,
(a,b) € att implies (b, a) ¢ att.

(2) Ifw is arequiring reason weight or a requiring heavy reason
weight, then for every a,b € Ar, (a,b) ¢ att implies (b, a) €
att.

Under the independence assumptions, if w belongs to one of the
five types of weights, we find that the attack relation in the option
argument framework is transitive.

PrRoOPOSITION 4.10. Let R satisfy (RI), w satisfy (WI) and ¥ =
(Ar, att) be an option argument framework under the above condi-
tions. If w is one of the five types of weight, then att satisfies the
transitivity.

Under certain conditions, the attack relation in an option argu-
ment framework forms a strict partial order and the initial extension
is non-empty.

ProOPOSITION 4.11. Let R satisfy (RI), w be a justifying reason
weight or a justifying heavy reason weight or a balanced reason
weight satisfying (WI) and F = (Ar, att) be a finite option argument
framework under the above conditions. We have that att is irreflexive,
asymmetric and transitive.

PROPOSITION 4.12. Let R satisfy (RI), w be a justifying reason
weight or a justifying heavy reason weight or a balanced reason
weight satisfying (WI) and & = (Ar, att) be a finite option argument
framework under the above conditions. The initial extension of ¥ is
non-empty.

4.2 Dung’s Semantics

We introduce Dung’s admissibility-based semantics based on the
concept of defense, and study their use in dual scale detachment.

Definition 4.13 (Admissible [28]). Let (Ar, att) be an AF. E C Ar
is conflict-free iff there are no arguments a and b in E such that a
attacks b. E C Ar defends c iff for all arguments b attacking c, there



is an argument a in E such that a attacks b. E C Ar is admissible iff
it is conflict-free and defends all its elements.

For their principle-based analysis, Baroni and Giacomin [7] de-
fine semantics as a function from argumentation frameworks to
sets of subsets of arguments.

Definition 4.14 (Dung semantics [7]). Dung semantics is a func-
tion o that associates with an argumentation framework ¥ =
(Ar, att) a set of subsets of Ar, and the elements of o(F) are called
extensions.

Dung distinguishes between several definitions of extension,
where each extension is a set of accepted arguments.

Definition 4.15 (Extensions [28]). Let (Ar, att) be an AF. E C Ar
is a complete extension iff it is admissible and it contains all the
arguments it defends. E C Ar is a grounded extension iff it is the
minimal complete extension (for set inclusion). E C Ar is a preferred
extension iff it is the maximal complete extension (for set inclusion).
E C Ar is a stable extension iff it is conflict-free, and it attacks each
argument which does not belong to E.

Each kind of extension may be seen as an acceptability semantics
that formally rules the argument evaluation process. In this arti-
cle, we use o € {c, g, p, s} to represent Dung semantics complete,
grounded, preferred, stable. We use o € {i} to represent option se-
mantics {initial}. There are notable similarities between the initial
extension and the grounded extension.

PROPOSITION 4.16. Let R satisfy (RI), w is one of the five types
of weight satisfying (WI) and F = (Ar, att) be an option argument
framework. The initial extension of F is grounded.

In Dung’s theory, a well-founded argumentation framework
provides a sufficient condition for the coincidence of grounded,
preferred, and stable semantics.

Definition 4.17 (Well-founded AF [28]). An argumentation frame-
work is well-founded if and only if there doesn’t exist an infinite
sequence dy, di, - - ., dp, - . . such that for each i, (a;11, a;) € att.

LEmMA 4.18. Every well-founded argumentation framework has
exactly one complete extension which is grounded, preferred and
stable.

Dung also provides a sufficient condition under which an argu-
mentation framework qualifies as well-founded.

LEMMA 4.19. Let 7 = (Ar, att) be a finite argumentation frame-
work. F is well-founded if there is no cycle in the directed graph of
(Ar, att)

The coincidence between Dung’s semantics and the option se-
mantics can be generalized under stronger conditions.

LEMMA 4.20. Let R satisfy (RI), w be a justifying reason weight
or a justifying heavy reason weight or a balanced reason weight
satisfying (WI) and & = (Ar, att) be an option argument framework
under the above conditions. F = (Ar, att) is well-founded.

THEOREM 4.21. Let R satisfy (RI), w be a justifying reason weight
or a justifying heavy reason weight or a balanced reason weight
satisfying (WI) and 7 = (Ar, att) be an option argument framework
under the above conditions. = (Ar, att) has exactly one non-empty
complete extension which is grounded, preferred, stable and initial.

Dung also showed that every stable extension is preferred, and
every preferred extension is complete; however, the converse im-
plications do not hold. An argumentation framework is said to be
coherent if all of its preferred extensions are also stable. Under cer-
tain conditions, the option argument framework can be coherent.

Definition 4.22 (Coherent AF [28]). Let ¥ = (Ar, att) be a finite
argumentation framework. ¥ is coherent iff every preferred exten-
sion of ¥ is also stable.

LEMMA 4.23. Let R satisfy (RI), w be a requiring reason weight or
a requiring heavy reason weight satisfying (WI) and ¥ = (Ar, att)
be a finite option argument framework under the above conditions.
Every preferred extension of F is a singleton set.

THEOREM 4.24. Let R satisfy (RI), w be a requiring reason weight
or arequiring heavy reason weight satisfying (WI) and ¥ = (Ar, att)
be a finite option argument framework under the above conditions.
We have that ¥ is coherent.

5 CHOOSING AMONG PERMISSIBLE OPTIONS

In this section we consider an alternative interpretation of the
weights, in which a permitted option is preferred to another permit-
ted option if it is more strongly permitted. We proceed in two steps.
First we modify the attack assignment such that two permitted
options attack each other. Then we add a preference relation over
the arguments, based on the weights, and we compute the defeat
relation in the usual way. We prove various theorems about the
preference based argumentation theory.

Definition 5.1 (Conflict extended frameworks). Let = (Ar, att)
be an option argument framework. The conflict extended frame-
work of 7, denoted as 7, is represented as follows: ¥ = (Ar*, att™)
where Ar* = Ar, att* = att U {(a,a) | (a,b) € att and (b,a) €
att} U{(a,b) | (a,b) ¢ att and (b, a) ¢ att}.

In the case of conflict extended frameworks, every admissible
extension contains at most one option argument.

PROPOSITION 5.2. Let & = (Ar, att) be a finite option argument
framework. Each admissible extension of ¥* has at most one argu-
ment.

Extensions containing at most one argument might appear as a
rather unusual borderline phenomenon from a knowledge represen-
tation perspective. However, consider the following: in addition to
option arguments, the framework may include various other types
of arguments. From this multi-sorted perspective, it seems quite
natural for there to exist a type of argument where at most one can
be accepted. The initial extension derived from an option argument
framework is unique but may contain multiple arguments, whereas
the extensions obtained from a conflict extended framework contain
at most one argument but can be multiple. These two frameworks
exhibit interesting connections in their extension outcomes: an
option is permitted in the option argument framework if and only
if it appears in a preferred extension of the corresponding conflict
extended framework.

LEMMA 5.3. Let ¥ = (Ar, att) be an option argument framework,
F* = (Ar*, att*) be a conflict extended framework of ¥ and E C Ar
be an initial extension of ¥. IfE = 0, then 0 is also the preferred
extension of F*.



THEOREM 5.4. Let ¥ = (Ar, att) be an option argument frame-
work, F* = (Ar*, att*) be a conflict extended framework of ¥ and
E C Ar be an initial extension of . E = Ug,eq(5),0e(p} Ei-

Example 5.5 (Continued from Example 4.4). The corresponding
conflict extended framework is F* = (Ar* att*), where Ar* =
{os1,0c, 08}, and att* = {(oc, 0p), (051, 0B), (0B, 051), (0C, 051), (051,
F* has two preferred extensions, E; = {oc} and E; = {0s1}. The
union of all preferred extensions of ¥ equals the unique initial
extension of F.

COROLLARY 5.6. Let & = (Ar, att) be an option argument frame-
work, F* = (Ar*, att*) be a conflict extended framework of ¥ and
E C Ar be a non-empty initial extension of ¥. ¥ is coherent.

COROLLARY 5.7. Let F = (Ar, att) be an option argument frame-
work, F* = (Ar*, att*) be a conflict extended framework of ¥ and
E C Ar be a non-empty initial extension of . E = Ug, eq(7),0e(s) Ei

The conflict extension method enables an equivalence between
a single permitted-option extension and multiple extensions. The
analysis can be further restricted to the sub-framework of the con-
flict extended framework induced by the set of permitted options.

Definition 5.8 (Restricted sub-framework of conflict extended frame-
work). Let 7 = (Ar, att) be an option argument framework, E C Ar
be a non-empty initial extension. ‘7’1’]5 = (ArIE, attIE) is a sub-
framework of F* restricted to E, defined as follows: Arl*E = E,

attlE =att* NEXE.

Every Tﬁ. is a symmetric argument framework [19], we have
the following properties.

LEMMA 5.9. Let & = (Ar, att) be an option argument framework,

E C Ar be a non-empty initial extension. fE is coherent.

LEMMA 5.10. Let 7 = (Ar, att) be an option argument framework,
E C Ar be a non-empty initial extension. Every a € E belongs to one
preferred (or equivalently, stable) extension of l*E'

For any conflict extended framework 7*, we call l’% its core.

THEOREM 5.11. Let F = (Ar, att) be an option argument frame-
work, E C Ar be a non-empty initial extension. o(F*) = 0(7‘1}),
where o € {c, g, p,s}.

To minimize the size of the set of permitted options (i.e., preferred
semantics of 7‘1}) as much as possible, we introduce a preference
relation = over the permitted options. This reduces the number of
extensions, ideally resulting in a unique extension.

Definition 5.12 (Preference relation). Let ¥ = (Ar, att) be an op-
tion argument framework, E C Ar be a non-empty initial extension
and a, b € E be two distinct options. a = b if and only if the follow-
ing holds: sumj,,(a, b) — sumy.,(b, a) > sumj,, (b, a) — sum,,(a,b).
We say a is justified preferred to b if and only if: a = b and
sumj,,(a,b) > sumj,, (b, a); a is required preferred than b if and
only if: a = b and sum,,(a, b) > sum,.,(b, a).

Definition 5.13 (Preference-based conflict extended framework).
Let # = (Ar, att) be an option argument framework, E C Ar be a
non-empty initial extension. A preference-based conflict extended
framework is a triple ¥y = (Ary, atty, =), where Ary =E, atty, =
{(a,b) | a,b € Eand a = b}.

oc)}.

THEOREM 5.14. Let Fy = (Ary,atty, =) be a preference-based
conflict extended framework. |p(Fz)| < |p(F)|.

However, in the general setting, () can be a preferred extension
of #+. Under the independence assumptions, this case doesn’t hold.

PROPOSITION 5.15. Let R satisfy (RI), w satisfy (WI), F = (Ar, att)
be an option argument framework, E C Ar be a non-empty initial
extension and Fr = (Ary, atty, =) be a preference-based extended
conflict framework. atty is irreflexive and transitive.

PROPOSITION 5.16. Let R satisfy (RI), w satisfy (WI). Every pre-
ferred extension of Fx is a singleton set.

6 OUTLOOK: DISCRETIONARY JUDICIAL
DECISION MAKING

Ethical considerations have often influenced the evolution of law,
and it is unsurprising that abstract ethical reasoning reappears in
certain forms of legal reasoning. We apply the abstraction derived
from Tucker’s framework to discretionary decision making of judges,
a paradigmatic form of legal reasoning under competing consid-
erations. As described in [24], in the civil-law tradition, judicial
reasoning is normally considered as a norm-based derivation, but
certain domains—such as child custody—intentionally leave some
kind of freedom to the judge, called discretion, because no single
rule can determine the outcome for all factual variations. The lack
of ready-to-apply regulative norms makes the discretionary judicial
decision making of course more similar to ethical domains than
other types of legal reasoning are. This freedom of the judge, how-
ever, is created by law and bounded by the duty of care [26], which
obliges judges to “examine carefully and impartially all relevant as-
pects of the individual case and to reason their decision accordingly.
In family law, the statute provides only the open-textured aim of
securing “the best interests of the child” in child custody cases, so
the judge must weigh heterogeneous factual grounds—emotional
bond, stability, cooperation, schooling, and others—and assign them
relative importance. Discretionary judicial decision making is there-
fore an exercise in balancing model: it is neither mechanical rule-
application nor arbitrary choice, but a structured comparison of
diverse reasons within normative limits. Our argumentation-based
formalization mirrors this structure precisely: options are repre-
sented as arguments, grounds as reasons carrying two comparative
weights; pairwise competitions identify the set of permitted alterna-
tives, and, when several remain permissible, a preference relation
enables a principled final choice—since the judge must ultimately
decide among permissible alternatives.

In the following, we illustrate how the model can be applied to a
simplified child custody case. The numerical weights used in the
example are illustrative and normative: they reflect a possible model-
ing of how different grounds may count for and against each option,
rather than any factual measurement. The purpose of the example is
thus explanatory—to show how the reasoning mechanism operates
and how normative justification can be made transparent—rather
than descriptive of an actual court decision.

Example 6.1 (Comparative reasons in child custody). In this exam-
ple, neither of the parents filed for shared custody when filing for
divorce (and respective custody). Hence, there are two options for
the judge: to give the child custody to the mother (oyr), and to give



the child custody to the father (o). The following are the relevant
grounds (facts) for each option.

gbond  : Child’s stronger emotional bond with op,
Jschool @ Mother’s home is in a better school district.

Rer = {(gbonda OF, OM)’ (gschool) oM, OF)}-

We continue Example 6.1 to illustrate two kinds of weight of o
and or and how they are being weighed.

Example 6.2 (Continued from Example 6.1). The justifying and
requiring weight of the two options are as follows.

(g9,01,02) ‘ JWer  TWer
(gbonds OF, 0pm1) 7 3
(gschool, oM, OF) 6 2

Then, we compute and compare the sum of the justifying weight
of one option and the sum of the requiring weight of the other:
der(op,om) = (tr(7 — 2),tr(6 — 3)) = (+,4), so both parents are
permissible relative to each other.

Example 6.3 (Continued from Example 6.2). Assume now, in the
continued Example 6.2, one of the parents does ask for shared
custody as an option when filing for divorce. We add the option os
= shared custody, and introduce a new ground g, for co-parenting
cooperation: O’ = {oF, op, 0s}-

(g,01,02) ‘ Jjw ‘ rw ‘ Comment
(gbonds OF, OM) 7 3 bond
(gbonds OF, OS) 5 3 bond
(gschools 0M,0F) | 6 | 2 | school
(gschool, oM, 05) 5 2 school
(9co» 05, OF) 1 4 | cooperation
(gco» 055 OM) 1 | 4 | cooperation

Pairwise dual scale verdicts:
der(oF,0m) = (+,+),  der(om, 0F) = (+,4),
der(0F,05) = (+,-),  der(0s,0F) = (=, +),
der(om, 05) = (+,-),  der(0s,0m) = (=, +).
Dynamic detachment:

d;,(or) =+, d;,(om) = +, d;,(0s) = —.

Hence, custody with the father (or) and custody with the mother
(opm) are both permitted, while shared custody (os) is not permitted.

Example 6.4 (Continued from Example 6.3). The option argu-
ment framework of Example 6.3 is & = (Ar,att), where Ar =
{oF,0n, 05}, and att = {(oF, 0s), (op, 0s) }. The initial extension is
E = {oF,om}-

Example 6.5 (Continued from Example 6.4). The corresponding
conflict extended framework is ¥* = (Ar*, att*), where Ar* =
{om, oF, 05}, and att™ = {(oF, 0s), (oam 0s), (0F, 0pm), (0m, OF) }.

Example 6.6 (Continued from Example 6.4). From the initial ex-
tension E = {oF, oy} that we have obtained, we have:

sumjy(op,0p) =7,  sumjy,(opm,0r) =6

SuMy(0p, 0p) =3, sumpy(op, 0p) =2
Then we have or = opm, o is both justified and required preferred

than opr. The preference-based extended conflict framework is 7. =

(Ary, atty, =), where Ary = {op,opm}, atts = {(oF,om)}. Thus, the
decision should be to give custody to the father.

7 RELATED WORK

There are formal accounts of ethical concepts [40, 41]. There are
papers formalizing Tucker’s theory, for example by defining “detach-
ment functions” to capture Tucker’s dual-scale model [21], by in-
troducing numerical balancing operators [37, 38], and by weighted
argumentation [45]. In this paper, we formalize Tucker’s ethical
theory using formal argumentation by constructing arguments and
assigning attacks so as to align argumentation as balancing with
argumentation as inference [44, 52, 53]. Much research has investi-
gated the strength of arguments [3, 42, 43], including extensions
of argumentation frameworks such as weighted abstract argumen-
tation [2, 11], preference-based argumentation [35], probabilistic
approaches [33], value-based argumentation [5], and gradual [8]
and ranking-based semantics [1]. These frameworks typically treat
weights as abstract quantities or evaluation scores, whereas our
framework derives weights from the normative force of reasons,
grounded in normative theory, and assigns a specific normative
interpretation. In AI & Law, recent work has also framed judicial
discretion as balancing, e.g., through deontic logic [26] and ASP [25].

8 SUMMARY AND FUTURE WORK

This paper (1) formalizes Tucker’s dual-scale and tournament mech-
anisms through formal argumentation, (2) states reason indepen-
dence and weight independence conditions, (3) proves equivalences
between permissibility and dual scale detachment, plus coinci-
dence results with grounded, preferred, and stable semantics, (4)
derives structural properties including irreflexivity, transitivity,
well-foundedness, and coherence, (5) extends the framework with
a conflict extended framework, restricted preference relation for
selecting among permitted options, and (6) applies the formal mech-
anism to discretionary judicial decision making.

Tucker uses the scale metaphor, drawn from physics, to suggest
a mechanical aggregation of normative force. Our paper adopts
the tournament metaphor, rooted in multi-agent and game theory.
While these metaphors appear incompatible in Tucker’s book, for-
mal argumentation might be the bridge for integrating these two
metaphors. For the attack-defense paradigm shift in formal argu-
mentation [28], we also have gunfight metaphor [16]: an argument
is accepted only if its attacker is not. A future work is to gener-
alize these metaphors to multiagent [4, 6, 46, 51], bipolar [18, 50],
higher-order argumentation [10, 15, 17, 31], and value-guided ar-
gumentation [49]. Another direction is to explore the dynamics
and robustness analysis of normative reasoning, e.g., to examine
how conclusions shift with new information or gradual changes in
factual parameters. We can also explore how Tucker’s notions of
enablers, disablers, amplifiers, and attenuators can be integrated
into formal argumentation, and how to capture dynamics in this set-
ting [13, 27, 39]. Finally, formalization of normative theories makes
it possible to conduct experiments using computational tools, for
example, through LogiKEy [9] methodology.
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